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We introduce a class of optimization problems, called dynamic location problems, involving 
the processing of requests that occur sequentially at the nodes of a graph G. This leads to the defini- 
tion of a new parameter of graphs, called the window index WX(G), that measures how large a 
"window" into the future is needed to solve every instance of the dynamic location problem on G 
optimally on-line. We completely characterize this parameter: WX(G)~_k if and only if G is a 
weak retract of a product of complete graphs of size at most k. As a byproduct, we obtain two 
(polynomially recognizable) structural characterizations of such graphs, extending a result of Bandelt. 

1. Introduction 

A wide range of  optimization problems involve sequential decision-making 
in response to an external (i.e., uncontrolled) sequence of  events. In such a system, 
the decisions do not  affect the events themselves but  the cost incurred for a chosen 
decision sequence depends in some way on the external events. A decision-making 
procedure can be viewed as an algorithm that takes as " input"  the sequence o f  
external events and produces as "ou tpu t"  the sequence o f  decisions. Quite often, 
these decisions must be produced "on-line",  that is, each decision must  be made 
based on currently available information: the history o f  events that have already 
occurred and incomplete knowledge of  future events. A typical approach to such 
problems is to make probabilistic assumptions about  the future input and to eval- 
uate decision strategies based on their expected cost. In the absence of  a good stochas- 
tic model for  the input, an alternative approach for evaluating an on-line algorithm 
is to look at the maximum deviation o f  its cost on any input sequence from the 
optimal cost attainable (off-line) for that input sequence. This approach has been 
taken by a number o f  researchers ([9], [8], [21], [44], [45]), particularly in the context 
of data storage and retrieval. Of  course the most desirable situation is for the on-line 
algorithm to be op t ima /on  every input sequence, but one expects this not  to be the 
case for most problems. 

In this paper we introduce a simple and natural class o f  optimization prob- 
lems, dynamic location problems, involving the processing o f  requests that occur 
sequentially at the nodes of  a graph. The above considerations lead us to define a 
new parameter o f  a graph G, denoted by WX(G),  and called the window index or 
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windex of G, that measures how large a "window" into the future is needed to solve 
every instance of the dynamic location problem on G optimally on-line. We obtain 
a complete characterization of WX(G); our main result is that WX(G) is finite ff 
and only if G is a weak retract of a product of complete graphs. As a byproduct, 
we obtain two (polynomially recognizable) structural characterizations of such 
graphs, extending a theorem of Bandelt [4] on graph retracts (see also [16]). 

2. The windex of a graph G 

We consider the following simple model for the sequential processing of 
requests to a system. The system is represented by a connected graph G=(V, E) 
where the vertices V represent "locations". The processing of each request requires 
the use of the same indivisible resource. The state of the system is characterized 
by a single vertex representing the current location of the resource. The state can 
be changed (that is, the resource moved) from v to w at a cost do(v, w) where do 
denotes the standard graph distance (i.e., the shortest path metric). Requests arrive 
to the system at particular nodes and must be processed in the order of  arrival. 
The cost of processing a request at node v is do(v, w) where w is the location of 
the resource when the request is processed. A sequence of requests to the system 
is represented simply as a sequence rlr~.., r, of nodes. The cost of  processing the 
sequence rlr~...r~ depends on the sequence sls2...s n of states in which the re- 
source resides when they are processed, and is equal to the sum of the cost of proc- 
essing each request and the cost moving the resource between states, i.e., 

(do (s,. r,) + d. (s,_l. s,)) 

where So is the (given) initial state of the system. 
The dynamic location problem (DLP) for the graph G is to lind the optimal 

sequence of states (minimizing the total cost) for a given request sequence. Given 
a particular finite request sequence, an optimal state sequence can be computed 
by standard dynamic programming techniques ([42]). This is an "off-line" computa- 
tion, i.e., the choice of each state may depend on the entire request sequence. Sup- 
pose, however, that we are presented with the requests one at a time in order and 
we would like to be able to construct our state sequence on-line, i.e., to select each 
state sl "soon after" finding out request ri. More precisely we say that an algorithm 
for the DLP on G works within window k if for each i, the choice for state s t depends 
only on So and r~ for j < i + k .  For each graph we ask: what is the smallest k (if any) 
such that the DLP has an optimal algorithm that works within window k? We call 
this parameter the window index, or windex of G, and denote it by WX(G); if  no 
such k exists we say WX(G)~ oo. 

It is not immediately apparent that WX(G) is a nontrivial parameter, i.e., 
that WX(G) is not constant, or even that it is ever finite. Consideration of some 
examples, however, suggested that the parameter was interesting. Our early results 
(which will also follow from our main results) were: 

Proposition 2,1. WX(G)>-2 for any connected graph on at least two vertices. 
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Proposition 2.2. The following classes o f  graphs have windex 2: 

a) trees; 
b) hypercubes; 
c) planar grids. 

Proposition 2.3. The complete graph K, has windex n. 

Proposition 2.4 The following graphs have windex ~: 

a) a cycle of  5 vertices; 
b) K4 with an edge deleted. 

For the classes of graphs listed in Proposition 2.2 the following window 2 
algorithm turns out to be optimal: Having chosen state s~_l, let s t be a vertex that 
minimizes the sum of the distances from st to the three vertices st-~, rl and r~+x. 
The fact that this algorithm is optimal for these graphs stems from the following 
property that they share. 

Unique Steiner Triple Property (USTP): For any three (not necessarily distinct) ver- 
tices a, b, c there is a unique vertex v that minimizes the sum da(a, v)+da(b, v)+ 

v). 
Hence in the preceding window 2 algorithm the vertex st is uniquely deter- 

mined from S~_l, rt and rt+l. 
In fact, as we showed in [12], this property characterizes graphs with windex 2: 

Theorem 2.5. WX(G) =2 i f  and only i f  G satisfies USTP. 

Characterizing graphs of  windex greater than 2 requires another approach. 
The first step is the observation that windex behaves nicely under the operation of  
[]-product, defined as follows. 

If  G t = (W~, E~), 1 ~_ i_~r, are graphs then the [] -product G = GI [] G~ D...  [] G, 
is the graph on vertex set W1 • W~ •  • W, with edges ((va, v~ . . . . .  vr), (w~, w2 . . . . .  wr)) 
if for some indexj, (vj, wj)EEj and for i~j ,  vi=wi. 

Lemma 2.6. I f  G~, G~ . . . . .  G, are graphs then 

w x ( a l [ ]  [ ] . . .  [] = max { w x ( c 0 ,  w x ( a , )  . . . . .  w-x(a,)}. 

The second step was to understand the relationship of  WX((7) to lZe'X(H) 
if H is a subgraph of G. It is natural to hope that if H is an induced subgraph of  G 
then W X ( H ) ~  WX(G), but there are simple counterexamples; indeed WX(G) may 
be finite while WX(H) is infinite. Nevertheless, a weaker result is true: 

Lemma 2.7. l f  H is a weak retract of  G (see section 3for the definition) then WX(H) ~_ 

Proposition 2.3, and Lemmas 2.6 and 2.7 provide a means for constructing 
a large class of  graphs with finite windex: if G is a retract of  a product of  cliques 
then G has finite windex. 

Now the following result of  Hans BandeR, brought to our attention by 
Peter Winkler, implies that this class contains all windex 2 graphs: 
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Theorem 2.8 [B] G has the USTP if  and only if  G is a retract of a hypercube (i.e., 
a [] -product of complete graphs on two vertices). 

In fact, as we will show, this class contains all graphs of  finite windex: 

Theorem 2.9. The following two conditions on a graph are equivalent: 

(i) G is a weak retract of a product of cliques. 
(ii) WX(G) is finite. 

Furthermore, i f  WX(G) is finite then WX(G) = 19 (G), 
clique in G. 

the cardinality of the largest 

Along the way, we will prove two other equivalent characterizations of  these 
graphs, given in Theorem 4.1, including a generalization of  Theorem 2.8. 

3. Notation and Other Preliminaries 

A) Graphs 

For  a graph G, V(G) and E(G) denote the vertex and edge sets, respectively. 
Vertices of  G are usually denoted by letters a, b, c, d, e, r, s. We usually use u, v, 
w, x~ y, z to denote variables that range over vertices of  G. An edge between a and 
b is denoted (a, b). For  each aEV(G), the neighborhood of  a, Na(a), is the set 
{vEVl(a, v)EE(G)}. As with all functions defined with respect to G we will write 

simply N(a) if  there is no ambiguity. The distance between vertices a and b, dG(a, b) 
is the number of  edges in the shortest path joining them. I f  A, B c=V(G) then 
d(A,B)=mind(u,v) over all uEA and vEB. SP~(a,b) is the set of  all vertices 
(including a and b) that lie on some shortest path between a and b. Clearly cE SP(a, b) 
if  and only i f  d(a, c)+d(c, b)=d(a, b). 

A median of  a set of  three vertices a, b, c in G has been defined elsewhere 
as a vertex x that  lies on some shortest path between any two of  them, i.e., such that 

(3.1) d(a, b)+ d(a, c)+ d(b, c) = 2(d(a, x)+ d(b, x)+ d(c, x)). 

Note that under this definition a, b, c cannot have a median i f  the sum of  
their distances is odd. For  our purposes it will be convenient to use a modified 
definition and call x a median i f  

0.2) d(a, b)+d(a, c)+d(b, c ) + l  ~ 2(d(a, x)+d(b, x)+d(c, x)). 

and to Say x is an exact median i f  (3.1) holds. (Note that i f  G is bipartite any median 
is exact.) I f  the median xr {a,b, c}, it is an external median. 

A triple of  vertices a, b and e is a spike i f  d(a, c) =d(b, c ) ~ 2  and either 
0) (a, b )Ee  

o r  

(ii) there is a vertex eEN(a)AN(b) such that d(e, c)=d(a, c)+l~ 
We say the spike is type 1 or type 2 depending on which of  these conditions it 

satisfies. We have 
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Proposition 3.1. I f  a, b, c is a spike with d(a, c)=d(b, c)=m and x is an external 
median then xEN(a)ON(b) and d(x, c ) = m - 1 .  

I f  Wc=V(G) then Gw=(W, Err ) denotes the subgraph induced on G con- 
taining all edges of  G having both endpoints in W. An induced subgraph G w is a 
(weak) retract of  G (or W is a retract of  V) i f  there exists a function f :  V-- W 
such that 

(i) f (v)=v for each vE W 
(ii) if  (v, w)EE(G) then either f(v)=f(w) or (f(v),f(w))EE(G). 

The map f is called a (weak) retraction map. A retraction map f is strong (and G w 
is a strong retract) if  in condition (ii) we do not allow f(v)=f(w). 

Two important properties of  retracts are the following. 

Proposition 3.2. I f  f and g are retraction maps (resp. strong retraction maps) then so 
is their composition fog. 

Proposition 3.3. l f  f is a retraction map and v, wEV then d(v, w)~_d(f(v),f(w)) 

(For background on retracts see [27], [28].) 
An isometric embedding of  a graph H into a graph G is a one-to-one func- 

tion O: V(H)~V(G) such that for any v, wEV(H), dn(v, w)=de(O(v), O(w)). 
In particular O maps edges of H to edges of  G and non-edges of  H to non-edges 
of G. I f  H embeds isometrically into G we write H r .  - G. 

Proposition 3.4. I f  G~=(Wi, Ei), l <=i<-r, are graphs, then for any 

(v, . . . . .  v,),(wa . . . . .  w,) in G=GaOG~.r'q...DG,, 

. . . . .  . . . , w , ) ) =  w,). 
l = l  

Elements of  a product W=W~X... XW, are denoted with a line over them, 
~=(vt, v~ . . . . .  v,), and are often called vectors. For any set V of  vectors, By denotes 
the graph on vertex set V with (~, ~)EE(Bv) if ~ and ~ disagree in exactly one 
position. Such graphs are called vector graphs. If  V is constant on some coordinate 
then deleting that coordinate does not change By; hence, in this case, every vector 
graph can be represented by a set of  vectors having no constant coordinate, which 
we call an irreducible set. 

Note that if  V is equal to a product W~XI'V2X...• of  sets then By is 
isomorphic to the O-product of  complete graphs on W~, W2, ..., W,. In general, 
the product completion of  a set of  vectors V is the smallest set product 
W=W~XWzX...XW, containing V. Obviously, for each j ,  Wj={althere is a 0EV 
with vj=a}, and By is an induced subgraph of  B w. Note that d(0, #) is always 
at least the number of  coordinates in which 0 and if, differ, with equality holding 
for all 0, �9 i f  and only if  By is an isometric subgraph of  Bw. 

I f  I = { ~ , / 2 ,  ..., ij}--c{1 . . . . .  r} the projection of 0=(vj . . . . .  v,) onto L de- 
noted projx(O), is the vector (v~l, % . . . . .  %) in I'I{qxW~,X...XW O. 

For O, }~, 2E W we define the imprint of O and }~ on ~, imp(J, }~:~) to be 
the vector ~ defined by z~=v~ if  v~=w~ and zt=xt otherwise. A subset V ~  W 
is imprint closed if  O, ~, 2EV implies imp(J, ~:s I f  V is an imprint closed 
subset of  W we also say that By is an imprint closed subgraph of  Bw. 
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B) The dynamic location problem 

A particular instance o f  the dynamic location problem for a graph G =(V, E)  
is represented by a sequence aoal...a k of  vertices where a 0 is the initial state and 
al . . .  ak are the requests. We call such a sequence a D LP  sequence. The cost of  a 
response sequence bl...bk to aoaa...ak is defined to be 

k 

C(bl. . .  bk; aoal.., at) = d(bl, ao)+d(bl, a~)+ Z (d(b,_~, bi)+d(b,, a,)). 
i = 2  

The cost of  the optimal response sequence is 

(3.3) OPT( ao a~ ... at) = min C (vx ... vk ; ao ax ... at). 
Vl..*V k 

We will often denote a sequence o f  vertices by e or (r. The concatenation o f  
two sequences ~ and a is denoted 0o'. 

It  is easy to see that we can always take vk=ak in the minimum above. 
Additional easy observations are: 

Proposition 3.5. 

(i) OPT(ao)=O; 
(ii) OPT(aoax) =d(ao,  al); 

(iii) OPT(aoax a2) = min [d(v, ao) + d(v, a~) + d(v, a2)]; 

(iv) For any sequences Ca, e~ . . . . .  ek, OPT(el e~... et) >= OPT(e1) + OPT(e2) + 
+... + OPT(et). 

From (iii) and (3.2) we have: 

Proposition 3.6. OPT(aoala~)>-_[l (d(ao, al)+d(ao, a~)+d(al, a2))] with equality i f  

and only i f  ao, al, a S have a median. 

By optimizing (3.3) first over some vj we get: 

Proposition 3.7. I f  ao, a~ . . . .  , akEV and !<=j<=k then 

02~T(aoal...ak) = min d(v, ai)+OPT(aoal.. ,  aj_xv)+OPT(vaj+x.., at). 
v E V  

In particular, 

OPT(ao al . . .  at) = rain {d(a0, v) + d(a 1, v) +OPT(va z a3... at)}. 
vEV 

I f  we use a window k algorithm to construct a state sequence SxS~...Sk in 
response to a D L P  sequence aoaxaa...ak+ ~ then the first state sx depends only on 
aoax.., at. Hence, for the algorithm to be optimal that choice of  Sl must begin an 
optimal sequence for any value of  at+~. Define, for Q=aoal...ak, the function 

fQ(u, v) = d(u, ao)+d(u, al)+OPT(u a2 ... atv), 

which is the minimum cost of  a state sequence for aoa~...akv given that sx=u. 
Note  that for any v, 

OPT(or ) = minfo(u,  v). 
u 
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The foregoing discussion implies: 

Lemma 3.8. I f  WX(G)~_k then for any sequence o=aoa~...ak there existsa vertex 
b such that for each o~V 

f~(b, v) =: rain f~(u, v) = OPT(or). 

This simple lemma is the basis for all of our lower bounds on WX(G), 

4. The Main Theorem 

We will prove the following refinement of  Theorem 2.9. 

Theorem4.1. The following conditions on a connected graph G=(V ,E)  are 
equivalent: 

(P 1) G has finite windex; 
(/'2) G satisfies: 

(a) I f  (u, v)~[ E then N(u)fqN(v) is either empty, a single vertex or 
two independent vertices; 

(b) Every spike has an external median; 
(1>3) G is isomorphic to an imprint closed subgraph of  a product of  cliques; 
(P4) G is isomorphic to a weak retract o f  a product o f  cliques. 

Furthermore, when these conditions hold, WX(G)=O(G), the maximum 
clique size of  G. 

The proof of Theorem 4.1 is organized as follows : (P4 )~ (P  1) in Section 5, 
(P I )~ (P2)  in Section 6, (P2)~(P3)  in Section 7, (P3)-~(P4) in Section 8, and 
WX(G) = O (G) or oo in Section 9. 

5. The Proof that (P4)-~ (P1) 

It is enough to prove Proposition 2.3 and Lemmas 2.6 and 2.7. 

ProofofProposltion 2.3. We first show WX(Kn)>n-1 .  Let V= {ao, al . . . .  , a ,- l}  
and let o=aoal...an_l. 

Claim: fp(u, a0)-_>n-1 with equality only i f  u=ao, 
fp(u, al)>=n-1 with equality only i f  u=ax. 

Then Lemma 3.8 implies that WX(Kn)>n-1 .  
To prove the claim we first note: 

Lemma 5.1. I f  bl . . . . .  bk are distinct then OPT(xbl. . .bk)~_k-1,  with equality i f  
and only i f  x=b~ for some l<=i<=k. 

Proof. (By induction on k.) If k = l  then the result is trivial. If  k > l ,  then by 
Proposition 3.7 and the induction hypothesis, 

(5.1) OPT(xbx.. .  bk) = min d(x, y)+d(bx, y)+OPT(yb~.. .b,)  >-_ 
Y 

=> min d(x, y)+d(bl ,  y ) + k - - 2  
Y 
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with equality if  and only i f  y~ {b2 . . . . .  bk}. Now for y~ {bz . . . . .  bk} the right hand 
side of  (5.1) is at least 

d(x ,  y )  + k - - 1  >-_ k - 1  

with equality if  and only i f . x = y ;  hence x~{b2 . . . . .  bk}. For  yCb2 . . . . .  bk, the 
right hand side of  (5.1) is at least 

d ( x , y ) §  >- k - 1  

with equality only if  x = b l  =y .  

Now by Proposition 3.7, 

fQ(u, ao) = d(u,  ao)+ d(u,  a l ) + O P T ( u  a2 ... anao). 

I f  u ~ a o  then by Lemma5.1  this is at least n + l .  On the other hand if  u=ao 
then Lemma5.1 implies that f~(a0, a0)=n. This establishes the first part  of  the 
claim. The second part  is proved analogously. 

Next we show WX(Kn)<-n.  Consider the following window n algorithm: 
given the current state si and the next n requests rt+ 1 . . . . .  r~+n, if  the first vertex 
repeated in the sequence s t r~+l...r~+n is ri+x then set s :+l=r t+l ;  otherwise set 
si+ 1 =s:.  We claim this is optimal. Let So be an initial state and r j . . .  rt be a request 
sequence, and let sl . . .st be the sequence given by the algorithm. We show, by 
induction on j that there exists an optimal sequence ala  ~ . . .a  t for so r l . . . r t  so that 
a:=& for i<-_j. The basis c a s e j = 0  is vacuous. Now letj_->l and suppose ai=si  for 
z---j-  1. I f  a j = s j  we re done, so assume s j ~ a  a. The terms of  C(sorx. . .r t ;  a l . . .a t )  
involving aj are d(aj_a,  a j ) + d ( a j ,  r j ) §  s, aj+~). I f  a i ~ a j _  ~ or rj then this is 
at least 2, so we can change aj to sj without increasing the cost (since sj either equals 
aa_ 1 or rj). So we can assume a j=s j_~  or a j = r j .  

Case i. aj = a j _ l  ( = s j _  1). Then sj = r j so the firs t repeated vertex in s j _1 r j r s + 1... r i + ~- 1 
is !";; assume this occurs at r~. Let h be the smallest index exceeding j such that 
a;,~sj_~.  Then the cost of  all terms involving ajaj+x ... a~ , (h - l . k )  can only decrease 
if we change them all from s j_ l  to r j .  

Case il. a j = r j .  Then s j=aj_~,  so the first vertex repeated is not  r a. Let 
rk be the second occurrence o f  the first repeated vertex, and let h be the 
smallest index exceeding j such that a ~ r j .  Then the cost of  all terms involving 
aj ,  aj+~, ,.., am~,(h-l.k) can only decrease if  we change them all from rj to s j -1 .  

Proof of Lemma 2.6. To prove 

WX(G~ [] G~. [] ... [] Gr)  = max (WX(G1)),. . . ,  WX(GK)); 

it is enough to prove the result for the product  of  two graphs; the general case follows 
by induction. So, let G=(V,  E)  and H = ( W ,  F).  I f  (v0, wo)(vl,  w l ) . . . ( v ,  wt) is a 
D L P  sequence in G [] H then the cost o f  the state sequence (xl,  Yl)(x2, Y2)... ( x ,  Yt) 
in response is simply CG (v0 vl... vt; Xl... xt) + C n  (wo wl... wt; YI-.. Yt) by the additivity 
of  distances in G [] H.  Hence,  a response sequence is optimal if  and only if  both 
projections are optimal. Hence if G and H both have window k optimal algorithms 
then so does G [] H. 
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Proof  of  I.emma 2.7. Let H=(W,  F) be a retract of G=(V, E) with retraction 
m a p f a n d  let W(G)=k. Let Q=aoaz...a, be a DLP sequence for H. Then O 
can be treated as a DLP sequence for G since H is an induced subgraph of G. Let 
blb~...b . be anoptimal state sequence in G for aoal...a,. Then we claim 
f(b~)f(b~)...f(b,) is an optimal state sequence in H for aoal...a,. This follows 
from the following sequence of inequalities: 

OPTn(aoal... a,) >= OPTG(aoa 1 ... an) = CG(aoal... a,; bl ... b,) ~_ 

>= Cn (f(ao)f(ax)...f(a,); f(bl). . .f(b,)) = 

= Cn (ao at... a,; f(bl)...f(b,)). 

The first inequality holds since H is an induced subgraph of G. The second inequality 
holds since do(v, w)>=dn(f(v),f(w)) by the property of retracts. The final equality 
follows from the fact that f is the identity on IV. 

Hence, if blb~...b, is produced by a window k algorithm then so is 
f(b~)f(be) ...f(b,,). I 

6. Proof  that (P1) --- (P2) 

Let G have finite windex. We will present four reductions that together 
immediately imply that G satisfies (/'2). In each reduction, the finiteness of WX(G) 
is shown to imply some local restriction on G. The proof of each reduction con- 
sists of producing a vertex sequence Q of length greater than WX(G) and showing 
that if G doesn't conform to the restriction then the conclusion of Lemma 3.8 is 
contradicted. 

Reduction 1. Let a, b be nonadjacent vertices of G. Then N(a)AN(b) is an inde- 
pendent set, i.e., G does not contain an induced subgraph on four vertices with exactly 
five edges. 

Proof. Suppose c, dEN(a) N N(b) and (c, d)E E(G). Choosej such that WX(G)< 2j 
and define Q =cd(ab)L 

Claim. fo(u, c)=OPT(Qc) only when u=c, 

and 
fe(u,d)=OPT(Qd) only when u=d, 

which would contradict Lemma 3.8, and establish the reduction. We will prove 
the first claim; the second is completely analogous. 

Lemma 6.1. For j>-  1 : 

(i) OPT(x(ab)Jc)=2j i f  xE{a, c}, 

(ii) OPT(xfab)Jc)>2j i f  x{  {a, c}. 

First of all for any x, Lemma 3.5 '(iv) gives 

OPT(x(ab)Yc) >= jd(a, b) = 2j. 



120 F . R . K .  C H U N G ,  R,  L.  G R A H A M ,  M.  E.  SAKS 

Furthermore 

OPT(x(ab)lc) ~ C(xcZi; x(ab)lc) = d(x, a)+d(x, c)+d(c, b ) + 2 ( j - 1 )  = 

= 2 j  if xE{a,c}, 
proving (i). 

We prove (ii) by induction on j. If j =  1 then 

OPT (xabc) ~= min d(x, v~) + d( a,b) + d(v2, c) >- 2 + d(x, v~) + d(ve, c). 
v 1, v I 

So assume v~=x and v2=c since otherwise we get a cost of at least 3. Then 

OPT(xabc) = d(x, a)+d(x, c)+d(c, b) > 2 

if xr {a, c}. For the induction step j >  1 we have, by Proposition 3.7, 

O PT(x(ab)J c) = min d(b, y) + OPT (xay) +O PT(y(  ab) j-1 c). 
Y 

By induction the third term is > 2 j - 2  if y~ {a, c}, and the first two terms 
sum to at least d(a,b)=2. So assume y = a  or c. If y=c  then d(b,c)+ 
+OPT(xac)>2 if x~{a, c}. If  y=a  then d(b, a)+OPT(xaa)=2+d(x,a)>2 
if xr  

Now 
fe(u, c) = d(u, c)+ d(u, d)+OPT(u(ab)J c). 

If ur {a, c} then Lemma 6.1 implies f~(u, c)=>2j+2. For uE {a, c}, Lemma 6.1 
implies 

fo(u, c) = d(u, c)+d(u, d ) + 2 j  

so fQ(u, c) has a unique minimum at u=c. 

Reduction 2. Let a, b be nonadjacent vertices of G. Then [N(a)fqN(b)[~2. 

Proof. Suppose c, d, eEN(a)ON(b). By reduction I, {c, d, e} is an independent 
set. Choose j  such that WX(G)<3j and define Q=(cde)L 

Claim. f~(u, a)=OPT(Qa) only when u=a, and f~(u, b) = OPT(o~b) only when 
u = b  

which contradicts Lemma 3.8 and establishes the reduction. We will prove the first 
part of the claim; the second follows by symmetry. 

First, 
Oer(ea)  <- 3j 

is shown by using the state sequence a ~j-1.  
We show fQ(u, a)>3j for u~a  by induction onj .  For j = l ,  

f~ (u, a) = d(r u) + d(d, u) +OPT(uea). 
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If  u=c, d or e then this is at least 4. So assume u~c,  d, e. Then the first two terms 
are each at least 1 and the last term is at least 2 unless u=a. 

�9 ~ .  . . 

For the reduction step j >  1 we have by Proposition 3.7, 

fQ (u, a) = d(c, u) + d(d, u) +OPT(ue(cde) l-x a) = 

= U(e, u +a(a, u)+a(u, x)+a(x, e)+oer(x(eae)J-la). 

Now if x # a  then the last term is at least 3 j - 2  by the induction hypothesis and 
the first four terms are at least OPT(cde)~=3, giving a cost of  at least 3 j + l .  So 
assume x=a,  then the last term is 3 j - 1  and the first four terms are 

d(c, u) + d(d, u) + d(u, a) + d(a, e). 

If  u=c or d then this sum is 4 and otherwise it is at least 3+d(u ,  a) and hence 
the total cost is at 3 j + l  if  ur 

Reduction 3. Suppose a, b, c, e6 V(G) and 
(i) d(a, c)=d(b, c)=m, 

(ii) d(e, c ) = m + l ,  
(iii) e is adjacent to both a and b and d(a, b)=2;  

i.e., {a, b, c} is a type 2 spike�9 Then a, b, c have a median in G. 

Proof. Suppose a, b, c have no median in G. Let ~ =aec(bca) 1 where j  is chosen so 
that 3 j>  WX(G). 

Claim. f~(u, a)=OPT(ea) only when u=a, 
f~(u, b)=OPT(Qb) only when u=e, 

which would contradict Lemma 3.8, and establish the reduction. 
Note first, by Proposition 3.6 and the assumption that b, c, a have no 

median 

OPT(bca) = OPT(cab) = min d(c, x) + d(a, x) + d(b, x) = 
x 

= m + 2  
(taking x=a). 

Now using the response sequence a zj+3 on Qa gives 

OPT(ca) ~_ (j+ 1)(m+2)-  1. 

On the other hand, using Proposition 3.7, 

fe(u, a) = d( a, u) + d(u, e) +OPT( ue(bca) J) ~_ 

>= d(a, u)+d(u, e)+d(u, e)+jOPT(bca) ~_ 

> d(a, u)+d(c, e)+j(m+2) = 

--= d(a, u)+( j+ l ) (m+ 2 ) -  l, 

so f~(u, a) is minimized precisely when u=a. 
Next, using the response sequence eb sj on ~b gives 

OPT(Qb) ~ ( j+  1)(m+2). 
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On the other hand, using Proposition 3.7, 

L (u, b) = d(a, u) + d(u, e) +O eT(uc(bea)-' b) = 

= d(a, u)+d(u, e)+OPT(ucb)+j(m+2) >-_ 

=>- d(u, e)+Offl"(acb)+j(m+ 2) =>- 

>= d(u, e )+( j+ 1)(m+2) 

so fQ(u, b) is minimized uniquely when u=e. 

Reduction 4. Suppose a, b, c is a type 1 spike with d(a, c)=d(b, c)=m. Then a, b, c 
have an external median. 

Proof. Let Q=acb(ca) j where 2j>WX(G). 

Claim. fu (u, e) = OPT(Qc) implies uE SP(c, a) 0 SP (c, b) 
and 

fQ (u, a)= OPT(Qa) implies u is a median of  a, b, c. 

Note that a and b are both medians but neither is in SP(c, a)NSP(c, b) 
and cESP(e,a)NSP(c,b)  but is not a median, so by Lemma 3.8, the claim 
implies that a, b, c must have an external median. 

Proof  of  claim. I f  u is in SP(c, a)NSP(c,  b) then evaluating the cost of  the re- 
sponse sequence uc 2~+~ for uQc gives 

A(u ,c ) -~  ( j+2)m for uESP(c,a)NSP(c,b).  

On the other hand, 

fo(u, c) = d(u, a)+d(u, e)+OPT(ubc(ac) ~) >- 

d(u, a)+ d(u, e)+OtrT(u, b, c)+jm. 

Now d(u, a) +d(u, c)~_m with equality only i f  uC SP(c, a) and OPT(u, b, c)>=m 
with equality only if  uESP(c, b) so f~(u, c )=( j+2)m i f  and only i f  uESP(c, a)N 
n SP(c, b), establishing the first part of  the claim. 

For the second part, we evaluate the cost of the response a z j+3 to ea to get 

f~(a, a) ~ ( j + l ) m + l ,  
On the other hand, 

./o(u, a) = d(u, a)+d(u, c)+OPT(ub(ea)J a) >- 

~_ d(u, a) + d(u, c) + d(u, b) +jd(c, a) >- 

_ >- OPT(acb) +jm = 

= ( j + l ) m +  1. 

Note that if  u is not a median of  a, b, c then the second inequality is strict, so 
f ~ ( u , a ) > ( j + l ) m + l  establishing the claim. 1 
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7. The Proof of (P2) -- (1)3) 

We first prove: 

Theorem 7.1. I f  G satisfies (P2) then G can be embedded isometrically in a product 
of cliques. 

A substantial theory of isometric embeddings has been developed by Djo- 
kovic [15], Firsov [18] and Graham and Winkler [24] (see [19] for a survey). We will 
need the following result from this theory. 

Let G be any graph and define a binary relation R on the edges of  G by: 

(u, v) R(u', v') ~ d(u, u')+d(v, v') # d(u, v')+d(v, u'). 

Recall that if FC=E(G) then G/F denotes the graph obtained by contracting 
the edges of F. More precisely each connected component of F is a vertex of  G/F 
with two components adjacent if some edge of E - F  joins them. 

Theorem 7.2 ([24]). Let El ..... Es be  the partition of E into its connected R-com- 
ponents. Then 

G _L,. G/(E- El) [] GI(E- E~) D... [] G/(E- E~). 

Hence to show that G embeds isometrically into a product of  cliques it is 
enough to show that G/(E-E3 is a clique for each i. Our aim is to construct the 
classes Ev 

Throughout this section G denotes a graph that satisfies (/'2). 
Let Q denote the set of all vertex subsets that induce maximal complete sub- 

graphs in G, for .~EQ, E~ denotes the set of edges induced on .~. 

Lemma 7.3, Each edge of G belongs to a unique maximal complete subgraph, hence 
{E~I-~EQ} is apart#ion of the edge set. 

Proof. Let (a, b)EE. If c, dEN(a)NN(b) then by (P2a), (c, d)EE. Thus, {a, b}U 
U (N(a)(q N(b)) induces a complete subgraph in G and it clearly contains any other 
set A that contains {a, b} and induces a complete subgraph in G. 

For each (a, b)EE we denote by .~(a, b) the unique member of Q con- 
taining a and b. By the above proof: 

(7.1) a(a, b) = {a, b}U(N(a)nN(b)). 

Lemma 7.4. Let 6)E Q. Then for each aE V there is a unique bE.~ such that d(a, b)= 
=d(a, a). 

Proof. Suppose there were two vertices b, cE.~ such that d(a, b)=d(a, c)=d(a, .~). 
Then a, b, c form a type 1 spike and so by (P2b), have a median e. Then eEN(b)A 
NN(c) and hence, by (7.1), eEa(b, c)=.~. Then d(a, e)=d(a, b ) -  1 =d(a, a ) -  1, 
a contradiction. 

We denote by aa(a) the unique vertex b in .~ such that d(a, b) =d(a, .~). 
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1.emma 7.5. Let .~, -~'6Q. Then exactly one of  the following holds: 

(i) lal=la'l  and the elements of  .~ and .~' can be labelled {a~ . . . . .  a,} and 
{b x . . . . .  b,} such that 

_ ~d(a, a') if  ~ = j }  
d(a,, b~)- td(a , .~ , )+i  i f  i ~ ] ; 

(ii) There are unique vertices aE.~, bE.~" so that d(a, b)=d(.~, .~'), and for 
vE.~'-b, wE.~-a, 

d(a, v) =: d(w, b) = d(.~, -q')+ 1 
and 

d(w, v) --- d(.~, .~') + 2. 

Proof. Let m=d(.~, .~ ' )  and let A~ .~  be the set o f  vertices vE.~ such that 
d(v,.~')=d(.~, .~'). Define A'C=.~" analogously. Then ~ maps A' to A and ~a. 
maps A to A' and these maps must be inverses. So if A=-~ and A '= .~ '  then (i) 
holds. Otherwise, suppose bE.~'-A' .  Then d(b, . ~ ) = m + l  =d(b, v) for any yEA. 
By Lemma 7.4, A must consist of  one element a. Similarly A' consists o f  one ele- 
ment b. For vE.~'-b, w E t - a ,  d(a,v)=d(w,b)=d(.~,a ' )+l  and d(v,w)= 
=d(.~, .~ ' )+2 by Lemma 7.4. 

We now define a relation on Q:  -~1-~' if  .~ and .~' satisfy conclusion (i) of  
Lemma 7.5. Clearly .~1.~' if and only if  .~'1-~. We will prove 

I.emma 7.6..~[.~" and ~'l~" implies al~",  and hence [ is an equivalence relation on Q. 

To prove this we need two preliminary observations. 

I.emma 7.7 I f  .~, a'EQ and there exist al, a~Ea such that d(at, a')=d(a~, a')= 
=d(-~, .~') then .~1.~'. 

Proof. The hypothesis violates condition (ii) o f  Lemma 7.5; hence condition (i) 
holds, i.e., .~1.~'. 

Lemma7.8.  Let - ~ 0 , ~ E Q  with d(.~o,.~m)=m and .~o].~m. Then there exist 
�9 ~1, ~m-xEQ such that .~tl.~i+l with d(ai, .~t+1)=1 for 0 = t = m  1. 

Proof. We proceed by induction on m; for m = l  the result is trivial. Let .~0= 
={at  . . . .  ,a ,} and .~m={bt, ..., b,} with d(ai, bj)=m if  and only if  i=j. Let 
ct be a first element along a shortest path from bx to at.  Then d(c~, bO = 1 =d(ct, -~m) 
and d(ct, a l ) = m - 1  =d(ct, -~o) and, by Lemma 7.4, if j # l ,  then d(b~, c~)=2 
and d(aj, cO=rn. Then {ct, a~, b~} form a (type 2) spike and hence by (P2b)  
have a median czEN(bz)AN(c~) with d(c~, a~)=m--1.  Let .~,,_x=.~(ct, c~). Then 
b~-~,,_~ for j > l  since d(c~,b~)>l and b~r since {b~,c~}~=N(b~)~N(cO 
and ( P 2 a ) i m p l y  (b~,cz)~E. Hence .~, ,_t~.~, ,=0 so d(.~2m_~,.~m)=d(c~,bt)= 
=d(c~, bz) = 1. Thus by Lemma 7.5, -~=-tl-~m and so -~m-~= {C~, C~ . . . . .  C,} with 
d(bi, c1)=l i f  and only if  i=j. Now d(.~0,.~,,_~):>m-1 since d(.~o,.~m)=m 
and so d(-~0, .~m-O=m-l=d(c t ,  al)=d(c~, as). Hence -~01-~,,-t by Lemma 7.7 
and we can apply the induction hypothesis to complete the proof. 

Proof of I_emma 7.6. Assume .~1.~" does not  hold; we will derive a contradiction. 
Let m=d(.~, .~'). By Lemma 7.8, there is a sequence -~'=-~0, -~1 . . . . .  .~,,=.~ such 
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that .~i].~i+ 1 and d ( . ~ , ~ + t ) = l .  L e t j b e  the largest index such that .~j[.~". By 
" ld " t assumption j<m. Then -~i+~t-~ does not ho . Let p=d(.~j , .~ ). Le .~+ t=  

={at . . . .  ,a,}, .~j={bt . . . .  ,b-,} and .~"=(c~ . . . . .  c,} labelled -so that (a~,b~)qY, 
and d(b,,c3=p for l~_i~_k. We distinguish the three cases d(.~+l,.~")=p-1, 
p and p + l .  

Casei. d(Y2j+t,.~")=p+l. Then d(a~,c3=d(.~+~, .~") for all i and so .~j+l[.~" 
by Lemma 7.7. 

Case ii. d(.@j+~, .~")=p-1.  Then d(a~, ch)=p-1  for some a~E-~j+x, chE.~". Then 
d(b~, Ch)<=p, SO i=h. Assume i=1 ; by Lemma 7.7 it is enough to show d(az, cz)= 
= p - 1 .  Now d(a~, c2)=d(b2, c2)=p and d(bt, c2)=p+l  with btEN(al)f3N(b~); 
hence {a~, b,., c2} is a (type 2) spike and (P2b) implies there exists v~N(at)f~N(b2) 
with d(v,c~)=p-1. Then bt, a~,vCN(al)NN(b~) so (P2a)implies v=a2 and 
d(az, ca)=p-1, as required. 

Case iii. d(-~)+l, -~")=p; without loss of generality d(a~, .~")=p. 

Subcase a. d(at, ct)=p. If d(a2, ~2")=p then Lemma 7.7 implies .~j+l[.~" so we 
can assume d(a~, c~)=d(a~, c~)=p+l .  Then {a~, c~, c~} is a (type I) spike and 
(P2a) implies there is a vertex e~N(c~)~N(c2) with d(a2, e)=p. But then 
e~.~(ct, c~)=.~" and d(,z~, .~")=p and again Lemma 7.7 implies .~j+l[.~". 

Subcase h. d(at, c~)=p for some i ~ l .  Then {at, b~, c~} is a spike since btEN(a~)N 
ON(b3 and d(bt, c~)=p+l, so by (P2b)there is a vertex e~N(a~)~N(b,) with 
d(e,c~)=p. Then b~,a,,e(N(at)f3N(b~), so by (P2a) e=a,. Then p - l =  
=d(a~, ~")~d(.~.~+t, ~") contradicting the case assumption. II 

Therefore, I is an equivalence relation; let [.~] denote the equivalence class 
of.~, and let E ~  denote ~ E~. Then the Er~ partition the edges. 

Lemma 7.9. The R-components of E are the sets E~I. 

This is an immediate consequence of the next three lemmas. 

Lemma 7.10. The edges of  any clique are in the same R-component, hence E~ is 
contained in an R-component for each . ~  ~. 

Proof. For any we , w> 

Lemma 7.11. I f  ~[~" then E~ and E~, are in the same R-component. 

Proof. If a~, a2E.~' with b~=~(a~) and b2--~(a~) then by a property of [, 
d(a x, bl) +d(a2, bz)<d(a~, ba) +d(a~, bt) and so (a~, aa)R (b~, b~>. 

Lemma 7.12. I f  e~E~, e'~E~, and eRe', then .~].~'. 

Proof. If .~[.~' does not hold, then the conditions of Lemma 7.5 (ii) hold, which 
imply that d(v, v')+d(w, w')=d(v, w')+d(w, v') for all v, w~.~ and v', w'~.~'. 

In light of Lemma 7.9, Theorem 7.1 will follow if we show G/(E-E[~I) is a 
clique for each class [.~]. 

Lemma 7.13. I f  ~[~" and a~ ~, then there is a path from a to 0~,(a) consisting 
only of edges in E - E ~  1. 
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Proof. Let d(.~,.~')=m and let -~=-~0,-~1 . . . .  , am=_q" be the sequence given by 
Lemma 7.8. Then the sequence a~=a, aa ..... a~,=~a,(a) defined by a~=eca,(a~_a) 
is a path from a to u~.(a). Moreover -~(ai-x, at)~[[.~] since -~iE[~] and the members 
of  [.~] are disjoint. Hence the path lies in E--Eta J. 

Finally, let Vx, 112, .... Vg be the partition of  V into the connected components 
of G'=(V, E-Eras). Then in G/(E--Et,j), each Vj contracts to a vertex. Hence 
it is enough to show that any two of them have an edge of  gtaa joining them. Since 
G is connected, each Vj contains a vertex of some member of [.~], but then by Lemma 
7.13, Vj intersects every member of  [.~] and thus any two of them have an edge of 
Eta ~ between them. [ 

Having established Theorem 7.1, we can now assume that G is an isometric 
subgraph of Bw where W=W~xW2x...XW,. So, let G=Bv with Vc-W. We 
want to show that V is imprint closed. Let ~, ~, ~EV; we want to show that 
imp(~,~:~)EV. Let I_C_{1,2 . . . . .  r} be the set of  indices for which a,~b~. We 
proceed by induction on lib We first write I=IoUloUIb where I~ is the set of 
indices for which ai=c~, Ib is the set of  indices for which b~=c~ and Io=I -  
- (1o U Ib). Note that if I =  I, then ~ = imp (~, 5: ~) and if I =  lb then ~ = imp (~, ~: ~). 

If  II1=1, we need only consider the case I=Io. Then d(~, ~)=d(/~, ~) 
and so (~,5, ~) is a spike. The only median besides ~ and ~; is imp(~,~:~) which 
is in V by (P2a). 

I f  111=2, let I={i,j}. Since By is an isometric subgraph, ff and ~ have a 
common neighbor ~ in V with d,=a~ and d~=b~. Let g'=imp(~,~:~) and ~'= 
=irnp(~, ~:~). By the previous case ~',/~'EV. If iEI a then ~'=irnp(~, ~:6) and if 
jE I, ~en  /;" = imp (~, ~: ~). Otherwise ~',/;' and ~ form a type 2 spike with ~E N(~') N 
r lN(~)  and d ( ~ , ] ) = d ( ~ , ~ ) + l .  Hence imp(~,~:~)=imp(~',~': ~)EV by (P2a). 

Finally, if  111>2 then let ~ be the first vertex on a shortest path from ~ to 
/~, and ~ be the first vertex on same shortest path from ~ to ~. Let ~' =imp(~, ~: ~) 
and ~'=imp(~,]:~). Then by induction ~',~'EV. Furthermore, irnp(~,~:6)= 
=imp(~', ~' : ~). But d(~',/~') =2  so by induction, this is in V. [ 

8. Proof of (P3)-~(P4) 

Let V be an imprint-closed subset of  IV=W~•215 such that Br 
is connected (we may assume V is irreducible and IVis the product completion of V). 
We want to show that By is a retract of  Brr. 

Define C(W), the coordinate set of  IV, to be the set of  all pairs (a, i) where 
aEW~. For (a,i)EC(IV), we define S(a,i) to be the set of ~EW such that 
wt=a; S(a, 3) is called a slice of  IV. If  (a, i), (b,j) are coordinates with i~j, 
then L((a, i), (b,j))=S(a, i)US(b,j); it is called an L-set. The set {i,j} is called 
the support of  the L-set. We will fir.st prove: 

Theorem 8.1. I f  V is imprint-closed and By is connected then V is an intersection of 
L-sets of IV. 

Proof. It is enough to show that for each r?E I V - V  there is an L-set that contains 
V but not ~. Let I={1,  ..., r} be a minimal subset such that projz(~)r 
Then ]I1> 1 by the irreducibility of  IV. If  ]II -_>3, let ix,/2, i3E I and let ~,  ~ ,  ~E V 
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be such that projz_~,(~J)=projx_tj(~). Then ~=imp(~l,~2:~ ~) satisfies ~EV and 
projx(g)=proj~(ff~), acontradictioh; so 111=2. Assume without loss of generality 
that I={1, 2}. Now by the irreducibility of W, there are vertices ~,/;EV such 
that al=wx and b2=w~. We claim L((bx, 1), (a2, 2)) contains V; this will prove 
the theorem since #r 1), (a~, 2)). 

We consider the setproj1(V) as the edge set of a bipartite graph F on Wx• 
The connectivity of By implies that r is connected. Now if ~, ~6V we have cx=dx 
and cs:da then projz(imp(~,a:YO)=(cx,x2) for any ~EV. Hence by the irre- 
ducibility of V, each vertex in Wx is adjacent in F to either exactly one vertex or to 
all vertices in W~ (and similarly with Wx and W2 reversed). These conditions, together 
with the facts that (ax, a~), (bx, b~) are in F but (a~, b2) is not i n / ' ,  imply that 
every edge in /" is incident on either bl in Wx or as in ~ and hence 
v=cL((bl, ]), (as, 2)). 

To prove (P3)-~(P4) it is now enough to show: 

Theorem 8.2. Let V be a connected subset of  W=W1xW~• (where V is 
irreducible and W is the product completion of  V}. I f  V is an intersection of  L-sets 
then By is a retract of B w. 

Proof. Let (a, i), (b,j) be coordinates with i : j .  Define the map f=f(*,ocb, l): W~ W 
as fol lows:f  fixes a vector rP if wi=a or wj=b and otherwise f(r~) is obtained 
from ~ by changing w~ to a and wj to b. It is easy to see: 

Lemma 8.3. f(~.O(~,J) is a retraction of W onto L((a, i), (b,j)). 

We ca l l f  c~ the elementary retraction to L((a, i), (b,j)). 
Now define a graph P on the vertex set {1, 2 . . . . .  r} with edges (i,j) if V is 

contained in an L-set with support {i,j}. 

Lemma 8.4. For each (i,j)CE(P) there i.v a unique L-set containing V with sup- 
port {i,j}. 

Proof. Suppose VC_L((a, i), (b,j)). Since V is irreducible there are vertices ~, aEV 
such that c~:a and dj:b ,  and hence ct=b and dj=a. Since V is connected 
there is a path from ~ to ] in Br. Let ~ be the first vertex on the path with e~=a; 
then the previous vertex on the path has j t h  coordinate equal to b (since it is in 
L((a, O, (b,j)) so also e~=b. Now the only L-set with support {i,j} containing 
~, ~, ~ is L((a,i),(b,j)). 

By Lemma 8.4, for each q,j)~E(t') there are unique elements a:(j)6W~ 
and az(i)6W~ such that V~=L((i, a~(j), (j, a~(i))). LetA~ denote the corresponding 
elementary retract, and let L~z=L((i, a~(j)), (j, a~(i))). Set F={f~IIq, j)6E(P)}. 

/.emma 8.5. For each ~6 W there exists a sequence o f  elementary retracts in F 
whose composition maps ~ to V. 

Before proving this/emma, let us note that it implies that any superset V' 
of I: can be retracted to V and hence implies Theorem 8.2. To see this, proceed 
by induction on IV'l; if  IV' l=lgl  the result is trivial. So assume IV'I>IVI and 
let ~ 6 V ' - V .  The sequence of  retracts given by Lemma 8.5 fixes V (by Lemma 8.3) 
and maps ~ to V and hence maps V' to another superset V" of  V having strictly 
smaller cardinality than V'. Now apply the induction hypothesis to V". 
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Proof of Lemma 8.5. We first note: 

Lemma 8.6. I f  q,j) ,  (j, k)EE(P) and aj(i)#aj(k) then (i, k)6E(P) with ak(i)= 
=a~(j)  and a~(k)=a~(j). 

Proof. The hypotheses imply that every ~ V satisfies either vi=ai(j) or vj =aj(i)  
and either vj=aj(k) or vk=ak(j). Therefore ai(i)#aj(k ) implies either v~=a~(j) 
or vk=ak(j). 

For q,j)CE(P), say ~ satisfies (i,j) if ~ELIj. We proceed by induction 
on the number of unsatisfied edges; if there are none then ~TE V. So assume there 
is at least one unsatisfied edge. 

A satisfied edge (i,j~ is critical if  not both vi=a~(j) and vj=aj(i). We 
orient each critical edge by i~ j  if vi=ai(j) and vj~aj(i). (Note i~ j  means 
that if we change vi and leave vj fixed then (i,j) becomes unsatisfied.) By 
Lemma 8.6 we have: 

Lemma 8.7. O) i~ j  and j-,-k implies i~k; 
(ii) i f  (:,j) is unsatisfied and i ~ k  then (j, k) is an unsatisfied edge 

of E(P). 

From (i) and the fact that each edge has a unique orientation we have: 

Lemma 8.8. -,- & a transitive acyclic relation, i.e., a partial order, on {1 . . . . .  r}. 

Let us call an element hE {I, ..., r} a sink if no edge is oriented away from it. 
Now let (i,j) be any unsatisfied edge. By Lemma 8.8 and a basic property of 
partial order relations there is a sink h with either i=h or i---h. Then Lemma 8.7 (ii) 
implies (h,j) is an unsatisfied edge in E(P). Similarly there is a sink k with either 
j = k  or j-~k and, again by Lemma 8.7 (ii), (h, k) is an unsatisfied edge in E(P). 
Then Jh,k(~) satisfies (h, k). Moreover since h and k are sinks, fhk(V) satisfies any 
edge that fi does. Hence J~k(b) has fewer unsatisfied edges and we can apply the 
induction hypothesis to complete the proofs of Lemma 8.5 and Theorem 8.2. II 

9. Computing WX(G) 

To complete the proof of Theorem 3.1 we show 

Lemma 9.1. I f  WX(G) is finite then WX(G)=OfG). 

Proof. If  W:=V(G) induces a clique then Gw is always retract of G and so by 
Proposition2.3 and Lemma 2.7,. WX(G)>-WX(Gw) so WX(G)>-_O(G). Now if 
WX(G) is finite then (P3) says that G=Bv where V is a connected imprint closed 
subset of WxX...• (where W1X...XW, is irreducible). Then we claim for each/, 
O(G)_->I~I. 

If a, bC ~ then by the irreducibility of W, there are vectors ~, r?C V with 
v~=a and w~=b; by the connectivity of V we can choose such ~ and ~ that agree 
in all other positions. Then {imp(~, ~:y)lycv} forms a clique of size l~l in v. 

Finally the proof of (P3)~(P4) shows Be is a retract ofB w so by Lemmas 2.6 
and 2.7 and Proposition 2.3, WX(Bv) =< max {IWd}_- < O (a). 

i_~i_:ar 
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If wewant to determine WX(G) for a given graph we can do either of the 
following. 
A) Check whether G satisfies P2. If  not, WX(G)=~o. If so, then since every 

edge is in a unique maximal clique, O (G) is easily computed. 
B) Construct the R-equivalence classes El . . . . .  E, of E(G). If GJ(E-E~) 

is not a clique for some i then WX(G)=oo. Otherwise WX(G)= 
=max lZ(G/(e-E,))[. 

10. Remarks and Open Problems 

A) Graphs of Windex 2 

It is not difficult to show that, for triangle free graphs, (/'2) is equivalent to 
USTP. Furthermore, as was observed by BandeR, every weak retract of a hyper- 
cube is obtainable by a strong retraction map. Hence in this case we can refine 
Theorem 3.1 : 

Theorem 10.1. The following conditions on a connected graph G are equivalent: 
(Q1) WX(G)=2; 
(Q2) G has USTP; 
(Q3) G is a median-closed subgraph of a hypercube; 
(Q4) G is a weak retract of  a hypercube; 
(Q5) G is a strong retract of  a hypercube. 

The equivalence of (Q2) through (Q5) were already known and characterize 
a well-studied class of graphs called median graphs (see [33], [34], [4]). 

B) Optimal Waste Ratios 

Since "most" graphs do not have finite windex, it is natural to consider 
how well a window-k algorithm can perform on a given graph. If A is any algorithm 
for the DLP on a graph G and Q is a problem instance, let Ca(O) be the cost of the 
response sequence produced by algorithm A for Q. For instance ifA is the (window 1) 
algorithm that defines the ith response to be equal to the ith request then it is easy 
to show that for any input 0, 

cA(o) <= 2. OPT(& 
We propose: 

Conjecture 10.2. Let G be any graph and k be an integer ~_ 1. Then there exists an 
algorithm A for the DLP on G that operates within window k such that on any problem 
instance Q, 

C) The Search Value of a Graph 

The average value of an instance aoal.., a n of the DLP on G is defined to 
be AV(aoal...an)=OPT(aoal...an)/n. In [12], we defined the search value 2(G) 
to be the worst case average cost of an arbitrarily long request sequence. More 
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precise ly ,  i f  ~ ( G ) =  m a x  AV(aoal . . .a~) /n  then  
I l o a l  . . . a  n 

A(G) = l im sup 2~(G). 

Bounds  on  A(G) are  o b t a i n e d  in  [12], i t  is u n k n o w n  whe the r  A(G) is p o l y n o m i a l l y  
c o m p u t a b l e .  
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